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2

1. Given that

2 3 1

1 1

4 2

2
2

2

x x x

x
ax bx c

dx e

x

− + +
−

≡ + + +
+
−( )

( )
( )

,

find the values of the constants a, b, c, d and e.
(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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2. A curve C has equation

y x x nx= ≠ +e2 2 1
2

tan , ( )
π

.

(a) Show that the turning points on C occur where tan 1x = − .
(6)

(b) Find an equation of the tangent to C at the point where 0x = .
(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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6

3. f ln( ) ( ) , ,x x x x x= + − + > − ∈2 1 2 .

(a) Show that there is a root of   f( ) 0x =  in the interval 2 3x< < .
(2)

(b) Use the iterative formula

to calculate the values of 1 2 3,  and x x x  giving your answers to 5 decimal places.
(3)

 (c) Show that 2.505x = is a root of f( ) 0x = correct to 3 decimal places.
(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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4. 

Figure 1

Figure 1 shows a sketch of the curve with equation f ( )y x= .
The curve passes through the origin O and the points A(5, 4) and B(– 5, – 4).

In separate diagrams, sketch the graph with equation

 (a) f ( )y x= ,
(3)

 (b) f ( )y x= ,
(3)

 (c) 2f ( 1)y x= + .
(4)

On each sketch, show the coordinates of the points corresponding to A and B.

y

x

A (5, 4)

B (– 5, – 4)

O
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5. The radioactive decay of a substance is given by

R ct= −1000e ,       t  0.

 where R is the number of atoms at time t years and c is a positive constant.

(a) Find the number of atoms when the substance started to decay.
(1)

It takes 5730 years for half of the substance to decay.

(b) Find the value of c to 3 significant figures.
(4)

(c) Calculate the number of atoms that will be left when 22 920t = .
(2)

(d) In the space provided on page 13, sketch the graph of R against t .
(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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6. (a) Use the double angle formulae and the identity

cos( ) cos cos sin sinA B A B A B+ ≡ −

to obtain an expression for cos 3x in terms of powers of cos x only.
(4)

 (b) (i) Prove that

cos
sin

sin
cos

sec , ( )x
x

x
x

x x n
1

1 2 2 1
2+

+
+

≡ ≠ +
π

.

(4)

  (ii) Hence find, for 0 x< < 2π , all the solutions of

cos

sin

sin

cos

x

x

x

x1

1
4

+
+

+
= .

(3)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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7. A curve C has equation

y x x= +3 2 4 2sin cos ,  -π  x π .

 The point A(0, 4) lies on C.

(a) Find an equation of the normal to the curve C at A.
(5)

 (b) Express y  in the form   R xsin( ),2 +α  where R > 0 and 0
2

< <α
π

.

Give the value of α  to 3 significant figures.
(4)

(c) Find the coordinates of the points of intersection of the curve C with the x-axis.
Give your answers to 2 decimal places.

(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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8. The functions f and g are defined by

f : 1 2

g :

x x x

x
x

x x

− ∈

− > ∈

3

3
4 0

,

, ,

(a) Find the inverse function -1f .
(2)

(b) Show that the composite function  gf  is

gf :  x
x

x

8 1

1 2

3

3

−
−

.

(4)

 (c) Solve gf ( ) 0x = .
(2)

(d) Use calculus to find the coordinates of the stationary point on the graph of y = gf(x).
(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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1.

Figure 1

The curve shown in Figure 1 has equation  ,  . The finite region R 
bounded by the curve and the x-axis is shown shaded in Figure 1.

(a) Complete the table below with the values of y corresponding to x =  and , giving 
your answers to 5 decimal places.

(2)

(b) Use the trapezium rule, with all the values in the completed table, to obtain an estimate 
for the area of the region R. Give your answer to 4 decimal places.

(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

x 0

y 0 8.87207 0

R
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2. (a) Use the binomial theorem to expand

,                ,

in ascending powers of x, up to and including the term in , giving each term as a 
simplified fraction.

(5)

(b) Use your expansion, with a suitable value of x, to obtain an approximation to  . 
Give your answer to 7 decimal places.

(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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3.

Figure 2

The curve shown in Figure 2 has equation . The finite region bounded by the 

curve, the x-axis and the lines x = a and x = b is shown shaded in Figure 2. This region is 
rotated through 360° about the x-axis to generate a solid of revolution.

Find the volume of the solid generated. Express your answer as a single simplified 
fraction, in terms of a and b.

(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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4. (i) Find .
(4)

(ii) Find the exact value of .

(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

sin2

4

2 x xd
π

π

∫
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5. A curve is described by the equation

.

(a) Find the coordinates of the two points on the curve where x = –8.
(3)

(b) Find the gradient of the curve at each of these points.
(6)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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6. The points A and B have position vectors 2i + 6j – k  and  3i + 4j + k respectively.

The line  passes through the points A and B.

(a) Find the vector .
(2)

 (b) Find a vector equation for the line .
(2)

 A second line  passes through the origin and is parallel to the vector i + k. The line  
meets the line  at the point C.

(c) Find the acute angle between  and .
(3)

(d) Find the position vector of the point C.
(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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7.

Figure 3

 The curve C has parametric equations

.

The finite region R between the curve C and the x-axis, bounded by the lines with equations 
x = ln 2 and x = ln 4, is shown shaded in Figure 3.

(a) Show that the area of R is given by the integral

(4)

(b) Hence find an exact value for this area.
(6)

(c) Find a cartesian equation of the curve C, in the form y = f(x).
(4)

(d) State the domain of values for x for this curve.
(1)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

C

1

1 20

2

( )( )
.

t t
t

+ +∫ d

http://www.mppe.org.uk

Copyright  © mppe.org.uk and its license. All Rights Reserved



Leave 
blank

20

8. Liquid is pouring into a large vertical circular cylinder at a constant rate of 1600 cm3 s–1

and is leaking out of a hole in the base, at a rate proportional to the square root of the
height of the liquid already in the cylinder. The area of the circular cross section of the
cylinder is 4000 cm2.

(a) Show that at time t seconds, the height h cm of liquid in the cylinder satisfies the
differential equation

, where k is a positive constant.
(3)

 When h = 25, water is leaking out of the hole at 400 cm3 s–1.

 (b) Show that k = 0.02
(1)

(c) Separate the variables of the differential equation

,

to show that the time taken to fill the cylinder from empty to a height of 100 cm is 
given by

(2)

Using the substitution , or otherwise,

(d) find the exact value of 
50

200

100

−∫ √h
hd .

(6)

(e) Hence find the time taken to fill the cylinder from empty to a height of 100 cm, giving 
your answer in minutes and seconds to the nearest second.

(1)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

50

200

100

−∫ √h
hd .
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