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Answer all questions in the spaces provided.

1 The matrices A and B are given in terms of p by

A ¼
1 p 4

�3 2 1

2 �1 1

2
64

3
75 and B ¼

p 1 5

9 p �1
2 0 1

2
64

3
75

(a) Find each of detA and detB in terms of p. (3 marks)

(b) Without finding AB, determine all values of p for which AB is singular. (3 marks)
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2 The plane transformation T is the composition of a reflection in the line y ¼ x tan a
followed by an anticlockwise rotation about O through an angle b .

Determine the matrix which represents T, and hence describe T as a single

transformation. (6 marks)
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3 Given the vectors p ¼
1

4

7

2
4
3
5 , q ¼

7

�2
4

2
4

3
5 and r ¼

2

3

t

2
4
3
5 , where t is a scalar

parameter, determine the value of t in each of the following cases:

(a) p� q is parallel to r ; (3 marks)

(b) p, q and r are linearly dependent. (3 marks)
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4 The system of equations S is given in terms of the real parameters a and b by

2xþ yþ 3z ¼ aþ 1

5x� 2yþ ðaþ 1Þz ¼ 3

axþ 2yþ 4z ¼ b

(a) Find the two values of a for which S does not have a unique solution. (4 marks)

(b) In the case when a ¼ 2 , determine the value of b for which S has infinitely many

solutions. (4 marks)
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5 (a) (i) Find the eigenvalues and corresponding eigenvectors of A ¼ 1 3

�2 8

� �
. (6 marks)

(ii) Hence write down each of the matrices U, D and U�1 such that A ¼ UDU�1 , where
D is a diagonal matrix. (4 marks)

(b) A 2� 2 matrix M has distinct real eigenvalues l and m , with corresponding

eigenvectors v1 and v2 .

(i) By considering the diagonalised form of M, determine the eigenvalues of M3 .

(2 marks)

(ii) Write down the eigenvectors of M3 . (1 mark)
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6 (a) The transformation U of three-dimensional space is represented by the matrix

1 4 �3
2 �1 0

1 1 �1

2
64

3
75

(i) Write down a vector equation for the line L with cartesian equation

x� 1

2
¼ y� 2

3
¼ z� 3

6
(2 marks)

(ii) Find a vector equation for the image of L under U, and deduce that it is a line

through the origin. (4 marks)

(b) The plane transformation V is represented by the matrix
1 4

2 �1

� �
.

L1 is the line with equation y ¼ 1
2
xþ k , and L2 is the image of L1 under V.

(i) Find, in the form y ¼ mxþ c , the cartesian equation for L2 . (4 marks)

(ii) Deduce that L2 is parallel to L1 and find, in terms of k, the distance between these

two lines. (3 marks)
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7 Let D ¼
nðnþ 1Þ nþ 1 �1

0 1 n

1 �ðnþ 1Þ 1

�������

�������
.

(a) (i) Show that ðn2 þ nþ 1Þ is a factor of D. (2 marks)

(ii) Hence, or otherwise, express D in factorised form. (2 marks)

(b) By expanding D directly, show that

D ¼ ½nðnþ 1Þ�2 þ fðnÞ

where fðnÞ can be expressed as the sum of two squares. (2 marks)

(c) Hence express the number 12 321 as the sum of three squares. (2 marks)
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8 The diagram shows the plane P and the lines L and L’. The plane P and the line L

have equations

r .

3

�2
6

2
4

3
5 ¼ 37 and r ¼

1

2

�7

2
4

3
5þ l

2

1

2

2
4
3
5

The line L does not lie in P , and intersects it at the point P.

(a) Determine the value of y , the angle between L and P , giving your answer to the

nearest 0.1�. (4 marks)

(b) Find the coordinates of P. (4 marks)

(c) The line L’ lies in P and is such that the angle between L and L’ is y , the angle

between L and P .

(i) Find a vector which is parallel to P and perpendicular to L. (3 marks)

(ii) Hence, or otherwise, find a vector equation for L’ in the form r ¼ aþ mb .
(4 marks)
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