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Answer all questions.

1 (a) Use the definitions cosh x ¼ 1
2
ðex þ e�xÞ and sinh x ¼ 1

2
ðex � e�xÞ to show that

cosh2 x� sinh2 x ¼ 1 (3 marks)

(b) (i) Express

5 cosh2 xþ 3 sinh2 x

in terms of cosh x . (1 mark)

(ii) Sketch the curve y ¼ cosh x . (1 mark)

(iii) Hence solve the equation

5 cosh2 xþ 3 sinh2 x ¼ 9:5

giving your answers in logarithmic form. (4 marks)

2 (a) On the same Argand diagram, draw:

(i) the locus of points satisfying j z� 4þ 2i j ¼ 4 ; (3 marks)

(ii) the locus of points satisfying j z j ¼ j z� 2i j . (3 marks)

(b) Indicate on your sketch the set of points satisfying both

j z� 4þ 2i j4 4

j z j5 j z� 2i jand (2 marks)
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3 The cubic equation

2z3 þ pz2 þ qzþ 16 ¼ 0

where p and q are real, has roots a, b and g.

It is given that a ¼ 2þ 2
ffiffiffi
3

p
i .

(a) (i) Write down another root, b, of the equation. (1 mark)

(ii) Find the third root, g. (3 marks)

(iii) Find the values of p and q. (3 marks)

(b) (i) Express a in the form reiy , where r > 0 and �p < y4 p . (2 marks)

(ii) Show that

ð2þ 2
ffiffiffi
3

p
iÞn ¼ 4n cos

np
3

þ i sin
np
3

� �
(2 marks)

(iii) Show that

an þ bn þ gn ¼ 22nþ1 cos
np
3

þ � 1

2

� �n

where n is an integer. (3 marks)

4 A curve C is given parametrically by the equations

x ¼ 1
2
cosh 2t , y ¼ 2 sinh t

(a) Express

dx

dt

� �2

þ dy

dt

� �2

in terms of cosh t . (6 marks)

(b) The arc of C from t ¼ 0 to t ¼ 1 is rotated through 2p radians about the x-axis.

(i) Show that S, the area of the curved surface generated, is given by

S ¼ 8p
ð1
0
sinh t cosh2 t dt (2 marks)

(ii) Find the exact value of S. (2 marks)

Turn over

s
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5 The sum to r terms, Sr , of a series is given by

Sr ¼ r2ðr þ 1Þðr þ 2Þ

Given that ur is the rth term of the series whose sum is Sr , show that:

(a) (i) u1 ¼ 6 ; (1 mark)

(ii) u2 ¼ 42 ; (1 mark)

(iii) un ¼ nðnþ 1Þð4n� 1Þ . (3 marks)

(b) Show that

X2n
r¼ nþ 1

ur ¼ 3n2ðnþ 1Þð5nþ 2Þ (3 marks)

6 (a) Show that the substitution t ¼ tan y transforms the integral

ð
dy

9 cos2 y þ sin2 y

ð
dt

9þ t2
into (3 marks)

(b) Hence show that

ð p
3

0

dy
9 cos2 y þ sin2 y

¼ p
18

(3 marks)

7 The sequence u1 , u2 , u3 ,… is defined by

u1 ¼ 2 , ukþ1 ¼ 2uk þ 1

(a) Prove by induction that, for all n5 1 ,

un ¼ 3� 2n�1 � 1 (5 marks)

(b) Show that

Xn
r ¼ 1

ur ¼ unþ1 � ðnþ 2Þ (3 marks)
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8 (a) (i) Show that o ¼ e
2pi
7 is a root of the equation z7 ¼ 1 . (1 mark)

(ii) Write down the five other non-real roots in terms of o . (2 marks)

(b) Show that

1þ o þ o2 þ o3 þ o4 þ o5 þ o6 ¼ 0 (2 marks)

(c) Show that:

(i) o2 þ o5 ¼ 2 cos
4p
7
; (3 marks)

(ii) cos
2p
7

þ cos
4p
7

þ cos
6p
7

¼ � 1

2
. (4 marks)

END OF QUESTIONS
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