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1 Fig. 1 shows a particle of mass 2 kg suspended from a light vertical spring. At time t seconds its
displacement is x m below its equilibrium level and its velocity is v m s−1 vertically downwards. The
forces on the particle are

• its weight, 2g N

• the tension in the spring, 8(x + 0.25g)N

• the resistance to motion, 2kv N where k is a
positive constant.

equilibrium
level

x m

Fig. 1

(i) Use Newton’s second law to write down the equation of motion for the particle, justifying the
signs of the terms. Hence show that the displacement is described by the differential equation

d2x

dt2
+ k

dx
dt

+ 4x = 0. [4]

The particle is initially at rest with x = 0.1.

(ii) In the case k = 0, state the general solution of the differential equation. Find the solution, subject
to the given initial conditions. [4]

(iii) In the case k = 2, find the solution of the differential equation, subject to the given initial
conditions. Sketch a graph of the solution for t ≥ 0. [11]

(iv) Find the range of values of k for which the system is over-damped. Sketch a possible graph of
the solution in such a case. [5]

2 The radioactive substance X decays into the substance Y, which in turn decays into Z. At time t hours
the masses, in grams, of X, Y and Z are denoted by x, y and � respectively.

Initially there is 8 g of X and there is no Y or Z present.

The differential equation modelling the decay of X is
dx
dt

= −2x.

(i) Find x in terms of t. [3]

The differential equation modelling the amount of Y is
dy
dt

= 2x − y.

(ii) Using your expression for x found in part (i), solve this equation to find y in terms of t. [9]

(iii) Show that y > 0 for t > 0. Sketch a graph of y for t ≥ 0. [5]

The differential equation modelling the amount of Z is
d�
dt

= y.

(iv) Without solving this equation, show that x + y + � = 8. Hence show that � = 8(1 − e−t)
2
. [5]

(v) Calculate the time required for 99% of the total mass to become substance Z. [2]
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3 The differential equation t
dy
dt

+ ky = t, where k is a constant, is to be solved for t ≥ 1, subject to the

condition y = 0 when t = 1.

(i) When k ≠ −1, find the solution for y in terms of t and k. [10]

(ii) Sketch a graph of the solution for k = 2. [2]

(iii) When k = −1, find the solution for y in terms of t. [5]

Now consider the differential equation t
dy
dt

− sin y = t, subject to the condition y = 0 when t = 1. This

is to be solved by Euler’s method. The algorithm is given by tr+1 = tr + h, yr+1 = yr + hẏr.

(iv) Using a step length of 0.1, perform two iterations of the algorithm to estimate the value of y when
t = 1.2. [4]

If the algorithm is carried out with a step length of 0.05, the estimate for y when t = 1.2 is y ≈ 0.2138.

(v) Explain with a reason which of these two estimates for y when t = 1.2 is likely to be more
accurate. Hence, or otherwise, explain whether these estimates are likely to be overestimates or
underestimates. [3]

4 The simultaneous differential equations

dx
dt

= 4x − 6y − 9 sin t,

dy
dt

= 3x − 5y − 7 sin t,

are to be solved.

(i) Show that
d2x

dt2
+ dx

dt
− 2x = −9 cos t − 3 sin t. [6]

(ii) Find the general solution for x. [9]

(iii) Hence find the corresponding general solution for y. [3]

It is given that x is bounded as t → ∞.

(iv) Show that y is also bounded as t → ∞. [2]

(v) Given also that y = 0 when t = 0, find the particular solutions for x and y. Write down the
expressions for x and y as t → ∞. [4]
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